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Abstract
The paper is a continuation of research in the direction of energy
function (a smooth Lyapunov function whose set of critical points coin-
cides with the chain recurrent set of a system) construction for discrete
dynamical systems. The authors established the existence of an en-
ergy function for any A-diffeomorphism of a three-dimensional closed
orientable manifold whose non-wandering set consists of chaotic one-
dimensional attractor and repeller. Moreover, the structural stable ex-
amples constructed in the considered class. The idea of the construction
is essentially different from the one proposed in C. Bonatti, N. Guelman,
and Y. Sh papers.
1 Introduction and statement of results
Let f be a diffeomorphism of a smooth closed n-manifold Mn. One says that
f satisfies axiom A if its non-wandering set is hyperbolic and the periodic
points are dense in it. We say in this case that f is an A-diffeomorphism. For
A-diffeomorphisms, the Smale spectral decomposition theorem [1] holds, that
is non-wandering set is a union of finite number of pairwise disjoint sets called
basic sets, each of which is compact, invariant and topologically transitive.
A basic set Λ is called an attractor of an A-diffeomorphism f if it has a
compact neighborhood UΛ such that f(UΛ) ⊂ int UΛ and Λ =
⋂
k>0
fk(UΛ). UΛ
is called a trapping neighborhood of Λ. A repeller is defined as the attractor
for f−1. By a dimension of the attractor (repeller) we mean its topological
dimension. The set
⋃
k∈Z
fk(UΛ) is called a basin of the attractor Λ.
By Theorem 3 in [2], every one-dimensional basic set of an A-
diffeomorphism on a surface is an attractor or repeller, and dimW ux =
1
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dimW sx = 1, for x ∈ Λ. The trapping neighborhood for such basic set is
a surface with a boundary (see section 2). Therefore it can be naturally in-
cluded to a three-dimensional dynamics.
Definition 1 A connected one-dimensional attractor of A-diffeomorphism f :
M3 →M3 is called a canonically embedded surface attractor if:
• A has a trapping neighborhood UA of the form SA × [−1, 1], where SA =
SA × {0} is a surface with a boundary containing A;
• SA is a trapping neighborhood of A as an attractor for the diffeomorphism
g = f |SA;
• diffeomorphism f |UA is topologically conjugate to the diffeomorphism
φ(w, z) = (g(w), z/2), (w, z) ∈ SA × [−1, 1].
A one-dimensional repeller is called a canonically embedded surface repeller if
it is a canonically embedded connected one-dimensional surface attractor for
the diffeomorphism f−1.
One naturally expect to construct a structurally stable diffeomorphism on
a clothed 3-manifold by a gluing dynamics from canonically embedded surface
one-dimensional attractor and repeller. However, there are two problems in
this way. The first is that the gluing diffeomorphism must be consistent with
the dynamics on both neighborhoods. In this paper, it was solved (see section
4.1) for the attractor and repeller models obtained by DA-surgeries from the
same Anosov diffeomorphism. It is clear that the construction admits gener-
alizations to the attractor and repeller obtained by DPA-surgeries from the
same pseudo-Anosov diffeomorphism.
The second problem is the choice of the gluing which gives the transversality
of two-dimensional invariant manifolds in the neighborhoods. This problem
has been open until now. In this paper, the authors managed to solve it.
Theorem 1 There are infinitely many pairwise topologically non-conjugated
structurally stable 3-diffeomorphisms whose non-wandering set is a union of
canonically embedded one-dimensional surface attractor and repeller.
Note that the similar “one-dimensional attractor-repeller” dynamics on the
surface always is not structurally stable due to results by R. Robinson and R.
Williams [3]. The construction of 3-diffeomorphisms with one-dimensional
attractor-repeller (not surface) dynamics firstly was suggested in [4], all exam-
ples also were not structurally stable. In [5], [6] structurally stable examples
with one-dimensional attractor-repeller dynamics were constructed. But the
question whether the basic sets are canonically embedded in surfaces are open
because the construction is very different from one suggested in this paper.
2
The surface dynamics allows us to prove the existence of an energy function
for the examples constructed in this paper.
Lyapunov function is a continuous function that is constant on the chain
components and decreases along trajectories outside them. It is an important
characteristic of a dynamical system, initially introduced by A.M. Lyapunov
to study the stability of equilibriums of differential equations systems. In
modern dynamics it plays a significant role. The fundamental theorem of
dynamical systems, proved by K. Conley [7] in 1978, establishes the existence
of a Lyapunov function for every dynamical system.
If the Lyapunov function is smooth and the set of its critical points coincides
with the chain recurrent set of the dynamical system, then it is called an energy
function. In this case, many characteristics of a dynamical system directly
follow from the properties of its energy function. Unlike flows, diffeomorphisms
do not always have an energy function. Moreover, counterexamples are known
even for cascades with a regular dynamics.
First such example was constructed by D. Pixton [8] in 1977, it was a Morse-
Smale diffeomorphism on 3-sphere. Necessary and sufficient conditions for the
existence of an energy function for arbitrary Morse-Smale 3-diffeomorphism
were found by V.Z. Grines, F. Laudenbach, and O.V. Pochinka in [9].
For systems with chaotic dynamics first constructions of energy functions
were done in [10], [11] for A-diffeomorphisms with basic sets of co-dimension
one on 2- and 3-manifolds. This paper is a continuation of those papers for
3-diffeomorphisms with one-dimensional basic sets.
Theorem 2 Every A-diffeomorphism of a closed orientable 3-manifold M3,
whose non-wandering set is a union of connected canonically embedded one-
dimensional surface attractor and repeller, has an energy function.
2 One dimensional basic sets for diffeomor-
phisms of surfaces
In this section we give a brief description of one dimensional basic sets for
diffeomorphisms of surfaces. For simplicity everywhere below we assume that
Λ is a connected attractor.
By theorem 1 in [2], Λ =
⋃
x∈Λ
W ux . In addition, by lemmas 2.1, 2.4, 2.5 in [12]
at least one of the connected components of the set W sx \ {x}, x ∈ Λ contains
a dense set in Λ and there are a finite number of points x ∈ Λ for which one of
the connected components W s∅x of the set W
s
x \{x} does not intersect Λ. Such
points are called s-boundary, their set is not empty and consists of periodic
points. The set W sΛ\Λ consists of a finite number path-connected components.
Bunch b of the attractor Λ is the union of the unstable manifolds
W up1 , . . . , W
u
prb
of s-boundary points p1, . . . , prb of Λ for which W
s∅
p1
, . . . ,W s∅prb
3
belong to the same path-connected components of W sΛ \ Λ. The number rb is
called a degree of the bunch (see figure 1). Let BΛ be the set of all bunches of
the attractor Λ.
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Figure 1: Bunches of degrees 1, 2 and 3
Let us explain how to construct a trapping neighborhood for Λ. A proof of
the existence of a neighborhood with properties below is possible to find, for
example, in [13].
The property dim W sx = dim W
u
x = 1, x ∈ Λ allows to introduce the
notation (y, z)s ((y, z)u) for the arc of a stable (unstable) manifold bounded
by points y, z. Then for the bunch b ∈ BΛ we choose a sequence of points
x1, . . . , x2rb such that:
• x2j−1, x2j belong to different connected components of the set W upj \ pj;
• x2j+1 ∈ W sx2j (suppose x2rb+1 = x1);
• (x2j, x2j+1)s ∩ Λ = ∅, j = 1, . . . , rb.
For j ∈ {1, . . . , rb} we choose a pair of points x˜2j−1, x˜2j, and a simple curve
lj with boundary points x˜2j−1, x˜2j such that:
• (x˜2j, x˜2j+1)s ⊂ (x2j, x2j+1)s;
• the curve lj intersects transversally with a stable manifold of any point
of the arc (x2j−1, x2j)u exactly at one point;
• the curve Lb =
rb⋃
j=1
[lj ∪ (x˜2j, x˜2j+1)s] is a simple closed smooth curve and
the set Lλ =
⋃
b∈Bλ
Lb has the following properties:
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– f(Lλ) ∩ Lλ = ∅;
– for every curve Lb, b ∈ Bλ there exists a curve from the set f(Lλ)
such that these two curves are the boundary of the two-dimensional
annulus Kb;
– annulus {Kb, b ∈ BΛ} are pairwise disjoint (see figure 2).
Figure 2: Construction of a trapping neighborhood for Λ
Let KΛ =
⋃
b∈BΛ
Kb. It is directly verified that a surface with boundary
UΛ =
⋃
k∈N
fk(KΛ) ∪ Λ is a trapping neighborhood of the attractor Λ.
3 Construction of canonically embedded sur-
face attractor (repeller)
3.1 Anosov diffeomorphism on a 2-torus
Let C ∈ GL(2,Z) be a hyperbolic matrix with eigenvalues λ1, λ2 such that
λ = |λ1| > 1 and |λ2| = 1/λ. Since the matrix C has a determinant equal to
1, it induces a hyperbolic automorphism Ĉ : T2 → T2 with a fixed point O.
This diffeomorphism is an Anosov diffeomorphism possessing two transversal
invariant foliations (stable and unstable) whose leaves are irratioanal windings
on the torus. In addition, the set of periodic points of the diffeomorphism Ĉ
is also dense on T2.
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3.2 Smale surgery
Let σ : R→ [0, 1] be a sigmoid defined by the formula (see the figure 3)
σ(x) =

0, x 6 λ−3,
1
1+exp
(
λ−3+1
2 −x
(x−λ−3)2(x−1)2
) , λ−3 < x < 1,
1, x > 1.
-3
Figure 3: Graph of the function σ(x)
Define a function ν : [0, 2]→ [0, 2] by the formula (see the figure 4)
ν(x) =

λ2x, 0 6 x 6 λ−3,
σ(x)x+ (1− σ(x))λ2x, λ−3 < x 6 1,
x, 1 < x 6 2.
Extend the function ν on the segment [−2, 2] by the formula ν(−x) =
−ν(x) for x ∈ [0, 2].
Let D2 = {(x, y) ∈ R2|x2 + y2 6 4}. Define a function γA : D2 → [0, 2] by
the formula
γA(x, y) =

ν(x), 0 6 |y| 6 λ−3,
σ(|y|)x+ (1− σ(|y|)ν(x), λ−3 < |y| 6 1,
x, 1 < |y| 6 2.
Define a diffeomorphism BA : D2 → D2 by the formula
BA(x, y) = (γA(x, y), y).
By construction, BA(x, y) = (λ
2x, y) if x2 + y2 6 λ−6 and is identical on ∂D2.
Let (x, y) be local coordinates in a neighborhood of U(O) of O on T2 such
that the diffeomorphism Ĉ in these coordinates has the form
Ĉ(x, y) = (x/λ, λy) .
6
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Figure 4: Graph of the function ν(x)
Then Ox ⊂ W sO and Oy ⊂ W uO, as well as {y = const} and {x = const} are
stable and unstable foliations. Define a diffeomorphism B̂A : T2 → T2, which
is BA in U(O) and is identical outside U(O). Then, according to [14], [15], the
diffeomorphism Ψ̂A = B̂A ◦ Ĉ is a DA-diffeomorphism whose non-wandering
set consists of a one-dimensional attractor with a unique bunch of degree 2
and a source fixed point at O.
3.3 Diffeomorphism on the manifold T2×R with a one-
dimensional canonically embedded surface attractor
Consider a smooth function ϕ : R → R defined by the formula ϕ(z) = z
λ
.
Define a diffeomorphism ΦA on T2 × R by the formula
ΦA(w, z) = (Ψ̂A(w), ϕ(z)).
The diffeomorphism ΦA is an A-diffeomorphism whose non-wandering set
consists of one fixed saddle point O × {0} and a one-dimensional connected
attractor A located on the torus T2 × {0}. Let us show that the surface
attractor A is canonically embedded.
In U(O) let D1 = {(x, y) | x2 + y2 6 λ−8} and D2 =
{(x, y) | x2 + y2 6 λ−6}. Let SA = T2 \ intD1 and UA = SA × [−λ−3, λ−3].
Then ΦA(UA) = (T2 \ intD2) × [−λ−4, λ4] and therefore ΦA(UA) ⊂ int UA,
and
⋂
n∈N
ΦnA(UA) = A. This means that UA is a trapping neighborhood for A.
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3.4 Diffeomorphism on the manifold T2×R with a one-
dimensional canonically embedded surface repeller
We define a function γR : D2 → [0, 2] by the formula
γR(x, y) =

ν−1(y), 0 6 |x| 6 λ−3,
σ(|x|)y + (1− σ(|x|)ν−1(y), λ−3 < |x| 6 1,
y, 1 < |x| 6 2.
Define a diffeomorphism BR : D2 → D2 by the formula
BR(x, y) = (x, γR(x, y)).
By construction BR(x, y) =
(
x, y
λ2
)
if x2 + y2 6 λ−6 and is identical on ∂D2.
Let B̂R : T2 → T2 be a diffeomorphism which is BR in U(O) and is identical
outside U(O). Let Ψ̂R = B̂R ◦ Ĉ. Then, according to [14], [15], the diffeomor-
phism Ψ̂R = B̂R ◦ Ĉ is a DA-diffeomorphism whose non-wandering set consists
of a one-dimensional repeller R with a unique bunch of degree 2 and a sink
fixed point at O.
Consider a copy of the manifold T2 × R and a diffeomorphisms ΦR given
by the formula
ΦR(w, z) = (Ψ̂R(w), ϕ
−1(z)).
ΦR is an A-diffeomorphism whose non-wandering set consists of a saddle point
O×{0} and a one-dimensional surface canonically embedded repeller R located
on the 2-torus T2 × {0}. The trapping neighborhoods UR of the repeller R is
exactly the same as for A. Let KR1 = ∂UR, K
R
2 = Φ
−1
R (K
R
1 ) = K
R
2 .
4 Proof of theorem 1
We will realize the following scheme of a diffeomorphism f construction.
• consider an Anosov diffeomorphism on two-dimensional torus T2;
• perform the Smale “surgery” to get a structurally stable DA-
diffeomorphism Ψ̂A, whose non-wandering set consists of a fixed source
O and a one-dimensional attractor (see section 3.2);
• on the manifold T2×R consider a diffeomorphism ΦA defined as the direct
product of the diffeomorphism Ψ̂A on the torus T2 and a contraction to
the origin O on the line R. The non-wandering set of the diffeomorphism
ΦA consists of the one-dimensional attractor A and the saddle fixed point
(see section 3.3);
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• choose a trapping neighborhood UA of the attractor A and the fundamen-
tal domain KA = UA \ intΦA(UA) of the diffeomorphism ΦA restriction
to (T2 \ O)× R. Denote by KA1 and KA2 = ΦA(KA1 ) the boundary com-
ponents of ∂KA;
• on a copy of the manifold T2 × R consider a diffeomorphism ΦR
whose non-wandering set consists of a one-dimensional repeller R and
a saddle fixed point. Moreover, the trapping neighborhood UR of
the repeller R coincides with the set UA, the fundamental domain
KR = UR \ intΦ−1R (UR) of the diffeomorphism ΦR restriction to the
set (T2 \O)×R coincides with the set KA and its boundary components
KR1 and K
R
2 = Φ
−1
R (K
R
1 ) coincide with the components K
A
1 and K
A
2 ,
respectively (see section 3.4);
• denote by M3 a three-dimensional orientable closed manifold which is
a result of a gluing of the fundamental domains by a diffeomorphism
H : KR → KA with the following properties (see section 4.1):
- H(KR2 ) = K
A
1 and H(K
R
1 ) = K
A
2 ;
- ΦA ◦H|KR2 = H ◦ ΦR|KR2 ;
• denote by p : UA ∪H UR → M3 the natural projection. Then the de-
sired diffeomorphism f : M3 → M3 coincides with the diffeomorphism
pΦRp
−1|p(UR) on p(UR) and with the diffeomorphism pΦAp−1|p(UA) on
p(UA).
Below we give details of the gluing.
4.1 Gluing of the fundamental domains
In this section we construct a diffeomorphism H : KR → KA with the following
properties:
• H(KR2 ) = KA1 and H(KR1 ) = KA2 ;
• ΦA ◦H|KR2 = H ◦ ΦR|KR2 .
Before the construction we explain how to construct the desired diffeomor-
phism f using the diffeomorphism H.
Let M3 = UA ∪H UR be a factor space obtained by a gluing UA and UR
with respect to H. Denote by p : UA ∪H UR → M3 the natural projection
and by f : M3 → M3 a diffeomorphism coinciding with the diffeomorphism
pΦRp
−1|p(UR) on p(UR) and with the diffeomorphism pΦAp−1|p(UA) on p(UA).
By construction f is an A-diffeomorphism whose non-wandering set is the
union of connected one-dimensional canonically embedded surface repeller R
and attractor A.
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Now describe the construction of the diffeomorphism H.
Let us foliate the fundamental domain KA by pretzels of genus 2 in the
following way. Define a linear function r : [0, 1]→ [λ−4, λ−3] by the formula
r(t) = (λ−3 − λ−4)t+ λ−4.
Let Dr(t) = {(x, y) ∈ U(O) : x2 + y2 6 r2(t)} and Gt, t ∈ [0, 1], coincides with
the set T2 × {−r(1− t), r(1− t)} outside of Dr(t) × R and coincides with the
cylinder ∂Dr(t) × [−r(1− t), r(1− t)] otherwise (see the figure 5). Thus, Gt is
a pretzels of genus 2 and G0 = K
A
1 , G1 = K
A
2 .
A
A
Figure 5: Foliation of the fundamental domain KA
As KR is a copy of KA then KR is also foliated by the pretzels Gt, t ∈ [0, 1]
so that G0 = K
R
1 and G1 = K
R
2 (see figure 6).
R
R
Figure 6: Foliation of the fundamental region KR
In the local coordinates (x, y) of the neighborhood U(O), on the disk D2
we define the diffeomorphism Bt, t ∈ [0, 1] by the formula
Bt(x, y) = tBR(x, y) + (1− t)BA(x, y).
Let B̂t : T2 → T2 coincides with Bt in U(0) and is identical outside U(0). Let
Ψ̂t = Ĉ ◦ B̂t.
Notice that Ψ̂0 = Ψ̂A and Ψ̂1 = Ψ̂R. Consider the inverse to r(t) function
µ(r) : [λ−4, λ−3]→ [0, 1] given by the formula
µ(r) =
λ4r − 1
λ− 1 .
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For t ∈ [0, 1] let η(t) = t
λ
+ (1− t)λ. We define an orientation-changing diffeo-
morphism κ of the segment [λ−4, λ−3] by the formula
κ(r) = η((µ(r))r.
It is directly verified that the diffeomorphism κ has a unique fixed point r∗ ∈
[λ−4, λ−3]. For t ∈ [0, 1] Let
τ(t) = µ(κ(r(t))).
By construction, τ is an orientation-changing diffeomorphism of the segment
[0, 1] with a unique fixed point t∗ ∈ [0, 1].
For t ∈ [0, 1], z ∈ R let ζt(z) = r(1−τ(t))r(1−t) z. It is directly verified that
ζt∗(z) = z for any z ∈ R. On the pretzel Gt we define Ht as a diffeomorphism
on the image by the formula
Ht(w, z) = (Ψ̂t(w), ζt(z)).
It is directly verified that Ht(Gt) = Gτ(t) (see figure 7).
t
*
-3
-4
-4 -3
*
Figure 7: Construction the map Ht
Denote by H : KR → KA a diffeomorphism that maps a point (z, w) of
the pretzel Gt ⊂ KR to the point Ht(w, z) of the pretzel Gτ(t) ⊂ KA.
It remains to verify the equality ΦA◦H|KR2 = H◦ΦR|KR2 , which is equivalent
to the equality
ΦA ◦H1(w, z) = H0 ◦ ΦR(w, z).
The last equality follows from equalities below
ΦA ◦H1(w, z) = ΦA(Ψ̂R(w), λz) = (Ψ̂A ◦ Ψ̂R(w), z)
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and
H0 ◦ ΦR(w, z) = H0(Ψ̂R(w), λz) = (Ψ̂A ◦ Ψ̂R(w), z).
Note that in this example both the attractor and the repeller lie on a pretzel
and resulting diffeomorphism.
4.2 Behaviour of invariant manifolds of the diffeomor-
phism f
Denote by F sA a foliation on (T2\O)×R consisting of stable manifolds W sa , a ∈
A. By construction W sa = w
s
a × R, where wsa ⊂ T2 is a stable manifold of the
point a with respect to the Anosov diffeomorphism Ĉ. The unstable foliation
F uR looks the same way.
Thus, the tangent plane to the leaf W sa at the point a = (w, z) ∈ T2×R is
stretched over the vectors vs1(w, z), v
s
2(w, z), where the vector v
s
1(w, z) lies in the
plane tangent to the torus T2×{z} and the vector vs2(W, z) is perpendicular to
it. That is the tangent plane to the leaf W sa is parallel to R, we call it vertical.
Similarly, the tangent plane to the leaf W ur at the point r = (w, z) ∈ T2×R is
stretched over the vectors vu1 (w, z), v
u
2 (w, z), where the vector v
u
1 (w, z) lies in
the plane tangent to the torus T2×{z} and the vector vu2 (W, z) is perpendicular
to it. That is the tangent plane to the leaf W ur is vertical.
Then the tangent plane to the leaf H(W ur )∩KA at the point r¯ = (w¯, z¯) =
H(r) is stretched over the vectors v¯u1 (w¯, z¯) = DHr(v
u
1 (w, z)), v¯
u
2 (w¯, z¯) =
DHr(v
u
2 (w, z)). Since the gluing diffeomorphism H preserves the natural split-
ting T2 × R on tori and straight lines, the vector v¯u1 (w¯, z¯) lies in the plane
tangent to the torus T2 × {z¯} and the vector v¯u2 (w¯, z¯) is perpendicular to it.
Thus, the two-dimensional foliation F sA and H(W
u
R) can have a tangency.
Moreover, due to [3], the constructed diffeomorphism f has contacts along
four planes. That is, the diffeomorphism f is not structurally stable. In
the next section, we will show how to tweak the gluing so that the resulting
diffeomorphism is structurally stable.
4.3 Gluing of the fundamental domains that implies the
transversality of two-dimensional foliations
To construct a new gluing, we will use the previous fundamental domain KR,
which is foliated by pretzels Gt, t ∈ [0, 1] and the new fundamental domain
K˜A with the new foliation G˜t, t ∈ [0, 1] (see figure 8).
We divide each leave Gt in the fundamental domain K
A of the attractor
A into three parts: two tori with a hole (T2 \ intDr(t)) × {r(1 − t)}, (T2 \
intDr(t))× {−r(1− t)} and the cylinder ∂Dr(t) × [−r(1− t), r(1− t)]. Let us
construct a map θt which send Gt to a new leaf G˜t.
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a) b)
Figure 8: a) Old fundamental domain; b) New fundamental domain
Let the coordinates x, y in the neighborhood of U(O) are the same as in
3.2. Firstly, let’s construct a map on tori with a hole. Let a map θt be identical
on the part (T2 \ int Dr(t))×{r(1− t)} and θt = Ψ̂−nA , for some n ∈ N (we can
choose n absolutely arbitrary) on (T2 \ int Dr(t))×{−r(1− t)}. It remains to
define θt on cylinders ∂Dr(t)× [−r(1−t), r(1−t)] so that the parts of the leaves
are joined. Let’s use cylindrical coordinates r, ϕ, z. If a point on the cylinder
∂Dr(t) × [−r(1 − t), r(1 − t)] has coordinates r(t), ϕ, z, then for t ∈ {0, 1} its
image under the map θt will have coordinates (r˜(t, z), ϕ, z), where
r˜(t, z) =
λn − 1
2λn
r(t)
r(1− t)z +
λn + 1
2λn
r(t).
If t ∈ (0, 1) then r˜(t, z) is a piecewise linear function given by the following
way. Let r˜(t,−λ−4) = (r˜ (1,−λ−4)− r˜ (0,−λ−4)) t+ r˜ (0,−λ−4) then
r˜(t, z) =

r˜(t,−λ−4)−r(t)
−λ−4−r(1−t) (z − r(1− t)) + r(t),
z ∈ [−λ−4, r(1− t)];
r˜(t,−λ−4)− 1λn r(t)
−λ−4+r(1−t) (z + r(1− t)) + 1λn r(t),
z ∈ [−r(1− t),−λ−4].
Denote by Θ the map composed by θt on Gt. Let’s check that Θ◦ΦA|KA1 =
ΦA ◦ Θ|KA1 . Indeed, on an upper torus with a hole, the condition is satisfied
because Θ is identical on it. On a lower torus with a hole, the diffeomorphism
Θ has the form (Ψ̂−nA , z). So for ∀(w, z) ∈ (T2 \ int Dr(0))× {−λ−3} we have:
Θ ◦ ΦA(w, z) = Θ(Ψ̂A(w), z/λ)
= (Ψ̂−nA ◦ Ψ̂A(w), z/λ) = (Ψ̂1−nA (w), z/λ).
ΦA ◦Θ(w, z) = ΦA(Ψ̂−nA (w), z)
= (Ψ̂A ◦ Ψ̂−nA (w), z/λ) = (Ψ̂1−nA (w), z/λ).
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On the cylinder ∂Dr(0) × [−λ−3, λ−3] for every point (r, ϕ, z) ∈ ∂Dr(0) ×
[−λ−3, λ−3] we have:
Θ ◦ ΦA(r(0), ϕ, z) = θ1(λr(0), ϕ, z/λ) = θ1(r(1), ϕ, z/λ) =
=
(
λn − 1
2λn
λ−3
λ−4
z/λ+
λn + 1
2λn
λ−3, ϕ, z/λ
)
=
(
λn − 1
2λn
z +
λn + 1
2λn
λ−3, ϕ, z/λ
)
.
ΦA ◦Θ(r(0), ϕ, z) = ΦA ◦ θ0(r(0), ϕ, z) =
= ΦA
(
λn − 1
2λn
λ−4
λ−3
z +
λn + 1
2λn
λ−4, ϕ, z
)
=
(
λn − 1
2λn
z +
λn + 1
2λn
λ−3, ϕ, z/λ
)
.
Then K˜A = Θ(KA) is a new fundamental domain with a foliation G˜t =
Θ(Gt), K˜
A
1 = Θ(K
A
1 ), K˜
A
2 = Θ(K
A
2 ).
Define the diffeomorphism H˜ : KR → K˜A as
H˜ = Θ ◦H.
Then H˜ has properties similar to the diffeomorphism H, that is:
• H˜(KR2 ) = K˜A1 and H˜(KR1 ) = K˜A2 ;
• ΦA ◦ H˜|KR2 = H˜ ◦ ΦR|KR2 .
Denote by U˜A the trapping neighborhood of the attractor A bounded by
K˜A1 . Then the ambient manifold as a result of gluing is the factor space
M˜3 = U˜A ∪H˜ UR and the diffeomorphism f˜ : M˜3 → M˜3 coincids with the dif-
feomorphism p˜ΦRp˜
−1|p˜(UR) on p˜(UR) and with the diffeomorphism p˜ΦAp˜−1|p˜(U˜A)
on p˜(U˜A), where p˜ : U˜A ∪ UR →M3 is the natural projection.
Let us prove that the resulting diffeomorphism is structurally stable. To
do this, we show that foliation F sA|K˜A is transversal to the foliation H˜(F uR).
By construction, transversality is present at all points H˜(w, z), where (w, z)
belongs to the part of the leaf Gt that is a torus with a hole (see figure 9).
Therefore, we will check the transversality at the points H˜(w, z), where (w, z)
belongs to the part of the Gt being the cylinder. At these points, the foliation
F sA has a form y = const and the foliation F
u
R has a form x = const. Note
that the tangent planes to leaves of the foliation H(F uR) remain vertical, and
at points belonging to the plane y = 0, they have the form x = const.
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Since the map Θ preserves the natural splitting T2 × R on tori and is a
homothety in U(O) then the tangent planes to leaves of the foliation H˜(F uR)
also is vertical, and at points belonging to the plane y = 0 have the form
x = const. Thus, leaves of the foliation F sA are transversal to leaves of the
foliation H˜(F uR) in some neighborhood of the plane y = 0. At other points,
transversality follows from the fact that the diffeomorphism Θ translates any
vertical vector at these points to a vector that does not lie in the plane y =
const.
H (F  )
u
RQ  (F  )
s
A
-1
Figure 9: Leaves of the foliation Θ−1(F sA) and H(F
u
R) in K
A
4.4 Why there are infinitely many pairwise topologi-
cally non-conjugated structurally stable diffeomor-
phisms
Above we constructed examples where the attractor and the repeller belong
to a torus with a hole. Obviously, diffeomorphisms constructed from non-
similar hyperbolic matrices C, C ′ are not topologically conjugated. Moreover,
it is clear that the construction admits generalizations to the attractor and
repeller obtained by DPA-surgeries that gives infinitely many non-conjugated
diffeomorphisms.
15
5 Proof of Theorem 2
Let f be an A-diffeomorphism of a closed orientable 3-manifoldM3, whose non-
wandering set is a union of connected canonically embedded one-dimensional
surface attractor A and repeller R. By the definition of a canonically
embedded attractor, there exists an trapping neighborhood UA such that
UA \ int(f(UA)) = Sg × [0, 1] = KA, and KA is the fundamental domain
attractor basin. Since the non-wandering set of the diffeomorphism f consists
only of the attractor A and the repeller R, and they are canonically embedded,
the wandering set is representable in the form:
M3 \ (A ∪R) =
+∞⋃
n=−∞
fn(KA) = Sg × (−∞,+∞)
so that lim
t→−∞
Sg × {t} = R and lim
t→+∞
Sg × {t} = A. That is, the wandering
set is foliated by the surface Sg.
Then we define the function ϕ : M3 → [0, 1] as follows:
ϕ(w) =

1
pi
arctg t+ 1
2
, if w ∈ Sg × {t};
1, if w ∈ R;
0, if w ∈ A;
The function ϕ is a continuous Lyapunov function for f by the construction.
The desired energy function is the result of smoothing the function ϕ due to
the following lemma.
Lemma 1 Let M be a smooth compact n-manifold, K ⊂M be a closed subset
of M and U be some closed neighborhood of K such that K ⊂ int U . Let
a continuous function ϕ : U → [0; 1] is smooth on U \ K and ϕ−1(0) = K.
Then there exists a C2-function g : [0; 1] → [0; 1] such that the superposition
ψ = g◦ϕ is smooth on the whole set U , and the function g satisfies the following
properties:
• g monotonically increases on [0; 1];
• g′(0) = 0 and g′(c) 6= 0, ∀c ∈ (0; 1];
• g(c) = c, ∀c ∈ [1
2
; 1].
Proof: Let d be a metric on the manifold M . For c ∈ (0, 1] let
α(c) = min{1, d2(ϕ−1(c), K)} and β(c) = max{1, max
x∈ϕ−1([c,1])
|grad ϕ(x)|}. By
construction the functions α(c) and β(c) are continuous, and α(c) is non-
decreasing on (0; 1]. Moreover there is a value c∗ ∈ (0; 1] such that α(c)
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monotonically increases by (0; c∗], and β(c) is non-increasing. Then the func-
tion γ(c) = α(c)
β(c)
is a continuous non-decreasing function on the half-interval
(0; 1] and lim
c→0
α(c)
β(c)
= 0.
We construct a C2-function g : [0; 1]→ [0; 1] such that
a) g′(c) > 0 for any c ∈ (0; 1);
b) g(c) 6 γ(c) for any c ∈ (0; 1
8
);
c) g′(c) 6 γ(c) for any c ∈ (0; 1
8
);
d) g(c) = c for any c ∈ [1
2
; 1].
To construct such a function, we will use a partition of unity. Recall that
for a given open cover of a topological space M by open sets Uα with indices
α from the set A is a partition of unity subordinate to the cover {Uα, α ∈ A}
is the set of smooth functions σj : M → R, where j belongs to some set of
indices J with the following properties:
- for every j ∈ J there exists α ∈ A such that supp(σj) ⊂ Uα, where
supp(σj) is the closure of the set on which function σj is non-zero;
- 0 6 σj(x) 6 1 for any x ∈M, j ∈ J ;
-
∑
j∈J
σj(x) = 1 for any x ∈M .
If for any point x ∈ M there exists a neighborhood Wx such that the
intersection Wx ∩ supp(σj) is not empty for at most finite number of indices j,
then such a partition of unity is called locally finite.
We take an open cover of the half-interval (0; 1] by the sets
U1 = {x ∈ R : 12 < x 6 1}
U2 = {x ∈ R : 14 < x 6 1}
Ui = {x ∈ R : 12i < x < 12i−2}, i = 3.4, . . . and the following locally finite
partition of unity subordinate to this covering:
σ1(x) =
{
1− σ2(x), if x ∈ (12 ; 1];
0, if x /∈ (1
2
; 1];
∀i = 2, 4, . . .
σi(x) =
 e
(x− 1
2i−1 )
4
(x− 1
2i
)(x− 1
2i−2 ) if x ∈ ( 1
2i
, 1
2i−2
)
;
0 if x /∈ ( 1
2i
, 1
2i−2
)
;
∀i = 3, 5, . . .
σi(x) =

1− σi−1(x), if x ∈
[
1
2i−1 ,
1
2i−2
)
;
1− σi+1(x), if x ∈
(
1
2i
, 1
2i−1
)
;
0, if x /∈ ( 1
2i
, 1
2i−2
)
;
Let εi = γ
(
1
2i
)
for all i = 4, 5, . . . . Since each point x ∈ (0, 1] belongs to
the supports of no more than three maps from the partition, the sum σ0(x) =∞∑
i=4
εiσi(x) is a smooth function on (0,
1
2
]. It can be extended continuously by
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σ0(0) = 0, similarly to all functions σi, i ∈ N. Thus, S(x) =
∞∑
i=1
εiσi(x) is a
smooth function. Let ε1 = ε2 = 1 and ε3 =
1
2
−
1
2∫
0
σ0(x)dx−
1
2∫
0
σ2(x)dx
1
2∫
0
σ3(x)dx
. Define a
function g by the formula
g(c) =

c∫
0
S(x)dx if c ∈ (0; 1];
0 if c = 0
.
It is a C2-function, since its derivative is the sum of smooth functions. Let us
show that it is the desired one by checking the conditions a)-d).
a) Since g′(c) = S(c) =
∞∑
i=1
εiσi(c), then g
′(c) > 0 for any c ∈ (0; 1).
b) For i = 4, 5, . . . the sequence {εi} is decreasing. Note that for any
c ∈ (0; 1] there is a unique number i∗ such that c ∈ ( 1
2i∗−1 ;
1
2i∗−2
]
. Then
σi∗(c) 6= 0 and σi(c) = 0 for all i /∈ {i∗, i∗ + 1}. From the choice of
the parameters εi for c ∈ (0, 18) we obtain the chain of equalities g(c) =
S(c) =
c∫
0
( ∞∑
i=1
εiσi(x)
)
dx =
c∫
0
( ∞∑
i=i∗
εiσi(x)
)
dx <
c∫
0
( ∞∑
i=i∗
εi∗σi(x)
)
dx =
εi∗
c∫
0
( ∞∑
i=i∗
σi(x)
)
dx < εi∗
c∫
0
( ∞∑
i=1
σi(x)
)
dx = εi∗
c∫
0
1dx = εi∗c < εi∗ =
γ
(
1
2i∗
)
< γ(c).
c) For g′(c), c ∈ (0, 1
4
) the following estimate holds: g′(c) =
∞∑
i=i∗
εiσi(c) <
εi∗
∞∑
i=i∗
σi(c) = εi∗ < γ(c).
d) For c ∈ [1
2
; 1], the following chain of equalities holds:
g(c) =
c∫
0
( ∞∑
i=1
εiσi(x)
)
dx =
1
2∫
0
( ∞∑
i=4
εiσi(x)
)
dx +
1
2∫
0
ε3σ3(x)dx +
1
2∫
0
ε2σ2(x)dx +
c∫
1
2
(ε1σ1(x) + ε2σ2(x))dx =
1
2∫
0
( ∞∑
i=4
εiσi(x)
)
dx +
ε3
1
2∫
0
σ3(x)dx + ε2
1
2∫
0
σ2(x)dx + ε2
c∫
1
2
(σ1(x) + σ2(x))dx =
1
2∫
0
( ∞∑
i=4
εiσi(x)
)
dx +
1
2
−
1
2∫
0
( ∞∑
i=4
εiσi(x)
)
dx−
1
2∫
0
σ2(x)dx
1
2∫
0
σ3dx
1
2∫
0
σ3(x)dx+
1
2∫
0
σ2(x)dx+ (c− 12) = c. So g(c) = c for
c ∈ [1
2
; 1].
We show that the superposition ψ = g ◦ ϕ is a smooth function on U .
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Notice that grad ψ = g′ · grad ϕ, this is useful to us for further discussion.
Since the function ψ on the set U \K is smooth as a superposition of smooth
functions, it remains to show that the function ψ is smooth on the set K.
Consider any point a ∈ K and a local chart (Ua, ha), where the neigh-
borhood is chosen in such a way that ϕ(w) < 1
8
for all w ∈ Ua. First we
show differentiability. If the function ψa = ψ(h
−1
a (x)) is differentiable at O,
then the function ψ is differentiable at a. Moreover, the function ψa is dif-
ferentiable at the point O and has partial derivatives equal to zero at this
point if and only if lim
s→O
ψa(s)
ρ(s,O)
= 0, where s(x1, . . . , xn) ∈ Rn and ρ the Eu-
clidean metric in Rn, defined by the formula ρ(s1, s2) =
√
n∑
i=1
(x1i − x2i )2 for
s1(x11, . . . , x
1
n), s2(x
2
1, . . . , x
2
n) ∈ Rn. The equality test lim
s→O
ψa(s)
ρ(s,O)
= 0 and com-
pletes the proof of differentiability.
We introduce a metric da on Rn by the formula da(s1, s2) =
d(h−1a (s
1), h−1a (s
2)) for s1, s2 ∈ Rn. By [16] (lecture 15), the metrics ρ and
da are equivalent in some compact neighborhood U(O) of the point O, that is,
there exist constants 0 < c1 6 c2 such that what
∀s1, s2 ∈ U(O) : c1da(s1s2) 6 ρ(s1, s2) 6 c2da(s1, s2).
For s ∈ U(O) we put w = h−1a (s) and c = ϕ(h−1a (s)) = ϕ(w). Then lim
s→O
ψa(s)
ρ(s,O)
=
lim
s→O
ψ(h−1a (s))
c1d(h
−1
a (s),a)
= lim
w→a
ψ(w)
c1d(w,a)
= lim
w→a
g(ϕ(w))
c1d(w,a)
= lim
w→a
g(c)
c1d(w,a)
< lim
w→a
α(c)
β(c)c1d(w,a)
6
lim
w→a
d2(w,a)
c1d(w,a)
= lim
w→a
d(w,a)
c1
= 0.
Now we show that the partial derivatives (ψa)
′
xi
, i ∈ {1, . . . , n} are continu-
ous at O, that is, lim
s→O
(ψa)
′
xi
(s) = 0, which is equivalent to lim
s→O
|grad ψa(s)| = 0.
Denote by Jh−1a the Jacobian of the map h
−1
a , by ||Jh−1a || its norm subordinated
to the Euclidean norm of the vector in Rn and by B a constant such that
||Jh−1a (s)|| 6 B for all points s in some neighborhood of the point O. Then
lim
s→O
|grad ψa(s)| = lim
s→O
|Jh−1a (s) · g′(c) · grad ϕ(w)| 6 lims→O ||Jh−1a (s)|| · |g
′(c)| ·
|grad ϕ(w)| 6 lim
s→O
B · α(c)
β(c)
· |grad ϕ(w)| 6 lim
w→a
B · d2(w,a)|grad ϕ(w)| · |grad ϕ(w)| 6
lim
w→a
B · d2(w, a) = 0.
Thus, the function ψ is smooth on U . 
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